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Preface

The purp ose of this pro ject is to understand the crystallograph ic restriction theorem -

There exists exactly 17 isomorphism- t yp es of tessellation groups in the Euclidean plane.

The main purp ose of this pro ject, except presen ting a pro of for this theorem in its general form, is to understand the

mathematical ideas that made it p ossible to express, from a syn thetic p oin t of view, terms as 'tile' and 'tessellation ' ,

whic h lo ok lik e 'trivial' when w e lo ok at the follo wing dra wings:

(a) (b) (c)

Figure 1: Examples of T essellations

By lo oking at the dra wing, w e get an initial understanding - but not a formal de�nition - of the term 'tessellation ' . In eac h

of the dra wings, it is clear what 'tile' w e need to put on the plane in a sp eci�c order (with in�nitely man y copies) to �ll

the whole plane. The problem is the understanding of the mathematical meaning of the term 'tile' , and the meaning to b e

referred to 'a sp eci�c order' .

The solution to this problem w as giv en in the 19

th

cen tury , while using the terms 'lattice' , 'isometry' and 'symmetry

group . If w e lo ok again at the dra wings, w e can see the common symmetries in eac h pair of dra wings denoted b y the same

letter in �gure 2 on the next page.
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(a)

(b)

(c)

Figure 2: Lattices in the T essellations
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F rom these dra wings, w e see that w e can replace the original tile with a standard one (triangle or parallelogram), and the

whole tiling w e can get b y translations, rotations or re
ections of the standard tile b y the same axises and the same cen ters

of the same isometries that copied the original (natural) tile.

This observ ation allo w ed the �rst complete accoun t of the en umeration of the isomorphism-t yp es of tessellation groups on the

Euclidean plane and space, spherical geometry , h yp erb olic plane and space, and higher dimensions. This accoun t w as based

on the symmetry-group of lattices in these spaces. The dev elopmen t of top ology during the 20

th

cen tury allo w ed the �nal

mathematical de�nition for all the terms men tioned earlier, and phenomena as crystallographi c restricti on theorem has

ev en got a name - toughness theorems .

Our goal will b e reac hed when w e are able to presen t the connections b et w een lattices on the plane and their symmetry-groups.

The �rst c hapter in tro duces the mathematical analysis of tessellation groups. It starts with lattices, and Barlo w's pro of of

the �rst form of the Theorem. Then, general tessellation groups are de�ned, and some basic prop erties are men tioned. The

next step is replacing the tile with a standard one, whic h is based on the group itself. And, the �nal topic is symmetry-group

of a lattice as a tessellation group.

The second c hapter presen ts a full pro of of the Theorem. The �rst section sho ws the connection b et w een lattices and their

symmetry-groups. The second section presen ts another pro of of the �rst form of the Theorem, and the third and last section

�nished the pro of of the Theorem.
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Chapter 1

Crystallograph y in the Euclidean Place

This c hapter is dealing with the theoretical base of crystallograph y in the Euclidean place.

1.1 Lattices

Lattices and their symmetry-groups will b e a easy-to-use to ol to pro v e the Crystallographic Restriction Theorem.

De�nitio n 1.1.1 (Lattice) Given a p oint O 2 E

2

and two tr anslations T

1

; T

2

2 Isom ( E

2

) such that T

2

( O ) 62 O T

1

( O ) . The

set L , h T

1

; T

2

i � O is c al le d a lattic e . The gr oup h T

1

; T

2

i is denote d by T ( L ) .

It can b e easily v eri�ed that T ( L ) is isomorphic to Z � Z b y T

m

1

T

n

2

7! ( m; n ). Th us, T ( L ) is coun table. W e are in terested

in the symmetry-group of a lattice: w e shall call suc h group a Lattice-Group Sym ( L ). It is trivial that T ( L ) � Sym ( L ).

De�nitio n 1.1.2 (Direct Subgroup) Given G < Isom ( E

2

) , G

+

is the gr oup of al l dir e ct isometries in G .

The direct lattice-group con tains half-turns:

Prep osition 1.1.1 Given a lattic e L and O 2 L , then h H

O

i n T ( L ) � Sym

+

( L )

Pro of: Giv en X 2 L , w e need to represen t H

O

( X ) as T

0

( O ) for some T

0

2 T ( L ). If X = T ( O ) and X

0

= T

� 1

( O ) for some

T 2 T ( L ), then O = T

0

( O ) is the midp oin t of X X

0

, therefore H

O

( X ) = X

0

and H

O

2 Sym

+

( L ). Finally , it is trivial that

T ( L ) < Sym

+

( L ): if f 2 Sym

+

( L ), then

f

T 2 Sym

+

( L ), but

f

T is a translation.

It is w orth men tioning the follo wing for an y symmetry group:

Lemma 1.1.2 Given a non-empty set A � E

2

, then [Sym ( A ) : Sym

+

( A )] j 2 .

Pro of: Let's de�ne: N = Isom

+

( E

2

) ; H = Sym ( A ), then H \ N = Sym

+

( A ). By ISO2 :

H N

.

N

�

H

.

H \ N

If H � N , then H N = N , and [ H N : N ] = 1. Otherwise, there are indirect isometries in H , suc h as some f 2 H n N . There

are t w o cosets of N in H N : direct coset N and indirect coset f N - the index of N in H N is 2.

1.1.1 First F orm of the Crystallographic Restriction Theorem

In this early stage, it is w orth to state Barlo w elegan t pro of of the �rst form:

Theorem 1.1 (First F orm of the Crystallographi c Restriction Theorem) Given a lattic e L , if S 2 Sym ( L ) is a

r otation, then o ( S ) 2 f 1 ; 2 ; 3 ; 4 ; 6 g . Or: the minimal angle of a r otation c an b e

2 �

n

and n 2 f 1 ; 2 ; 3 ; 4 ; 6 g .
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Figure 1.1: First F orm of the Crystallographic Restriction Theorem

Pro of: (See Figure 1.1) Let P b e a cen ter of rotation of p erio d n . The remaining symmetry op erations of the lattice

transform P in to ini�tely man y other cen ters of rotation of the same p erio d. Let Q b e one of these other cen ters at the

least p ossible distance from P . A third cen ter, P

0

, is deriv ed from P b y rotation through

2 �

n

ab out Q ; and a forth, Q

0

, is

deriv ed from Q b y rotation through

2 �

n

ab out P

0

. Of course, the segmen ts P Q; QP

0

; P

0

Q

0

are all equal. It ma y happ en that

P and Q

0

coincide; then n = 6. In all other cases, since Q w as c hosen at the least p ossible distance from P , w e m ust ha v e

d( P ; Q

0

) � d( P ; Q ); therefore n � 4. (If n = 4, P QP

0

Q

0

is a square. If n = 5, P Q

0

is ob viously shorter than P Q . If n > 6,

P Q crosses P

0

Q

0

, but it is no longer necessary to use Q

0

: w e already ha v e d( P ; P

0

) < d( P ; Q ), whic h is su�cien tly absurd.)

An immi diate corollary w ould b e:

Corollary 1.1.3 Given a lattic e L , if S 2 Sym ( L ) is a r otation with the maximal p erio d, then Sym

+

( L ) = h S i n T ( L )

Pro of: First T ( L ) is normal, and h S i n T ( L ) = h S i � T ( L ). If f 2 h S i n T ( L ), then f = S T where S 2 h S i ; T 2 T ( L ). But

S; T 2 Sym

+

( L ), and therefore f 2 Sym

+

( L ).

Vice-v ersa, if f 2 Sym

+

( L ), then f is a rotation or a translation. If f 2 T ( L ), w e are done. Otherwise, f is a rotation

through � with P as the cen ter. The p erio d of the rotation S

O ; � �

cannot excced o ( S ), therefore S

O ; � �

� f is a translation

T 2 T ( L ). Th us, f = S

O ;�

� T and its p erio d is the same as of S

O ; � �

.

It is imp ortan t to note that Barlo w's pro of, as state here, used the dra wings - y ou "see" that the argumen t is true. W e will

not use this theorem or its corollary , but w e will pro v e this "righ t" in the next c hapter.

1.2 T essellation Groups

In this section, w e will discuss the basic prop erties of tessellation groups and tiles - these are the mathima tical name for:

"ho w to tile" and "what to tile with".

De�nitio n 1.2.1 (T essellation Group, Tile, F undamen tal Region) Given a gr oup G < Isom ( E

2

) , a c onne cte d c om-

p act P � E

2

. G shal l b e c al le d a tesselatio gr oup , and P - a tile if and only if:

[

Q 2 G � P

= E

2

(GP1)

8

g ;h 2 G

g (

�

P ) \ h (

�

P ) 6= ; ) g ( P ) = h ( P )(GP2)

P is c al le d a fundamental-r e gion if and only if:

8

g ;h 2 H

g (

�

P ) \ h (

�

P ) 6= ; ) g = h

F rom no w-on, w e will denote the orbit of P under G b y P :

P , G � P = f g ( P ) j g 2 G g

CHAPTER 1. CR YST ALLOGRAPHY IN THE EUCLIDEAN PLA CE
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and for ev ery Q 2 P , w e can c ho ose some g

Q

2 G suc h that g

Q

( P ) = Q .

F rom the de�nition of tessellation group and tiles, it is clear that t w o tiles (t w o copies of P ) can b e either equal or ha v e

distinct in terior, and if t w o tiles' in teriors ha v e an y p oin t in common, then the tiles are equal. Another trivial argumen t is

that a tile has space: P is a compact with non-empt y in terior. This brings-up the follo wing lemma:

Lemma 1.2.1 Given a tessel lation gr oup G with a tile P , and any b al l B in E

2

. The numb er of tiles in B is �nite.

Pro of: Let's de�ne: H , f g

Q

j Q 2 P ; Q � B g . Giv en an y x

0

2

�

P , then there exists r

0

> 0 suc h that B

d

( x

0

; r

0

) �

�

P . Th us

the set A , H � x

0

is 2 r

0

-discreet in the compact B . Therefore A is �nite, and b y GP2: j A j = j H � P j , and w e are done.

neigh b or tiles Q and P hold: P \ Q is not empt y and

�

P \

�

Q is empt y . P 6= Q and ( P n

�

P ) \ ( Q n

�

Q ) 6= ; . The last lemma

giv es us:

Corollary 1.2.2 Given a tessel lation gr oup G with a tile P . The numb er of neighb or tiles of P is �nite.

Pro of: Giv en an y a 2

�

P . The ball B

d

( a; 3 diam ( P )) con tains all the neigh b ors of P .

Another prop ert y can also b e pro v ed with the previous lemma:

Prep osition 1.2.3 Given a tessel lation gr oup P with a tile P . Then Sym

G

( Q ) is a �nite sub gr oup of G for every Q 2 P .

Pro of: It is su�cien t to pro v e that Sym

G

( P ) is �nite, b ecause Sym

G

( Q ) =

g

Q

Sym

G

( Q ) for ev ery Q 2 P . By the Y ung

Theorem, there exists a p oin t a suc h that Sym

G

( P ) � Stab

G

( a ). Let's tak e another tile P

0

2 P suc h that the corresp onding

a

0

(b y the Y ung Theorem) is distinct from a . If Sym

G

( P ) is applied on P , b y Orbit-Stabilizer Theorem w e get:

�

�

�

Sym

G

( P )

.

H

�

�

�

= j Sym

G

( P ) � P

0

j

where H , Sym

G

( P ) \ Sym

G

( P

0

) - the Stabilizer of P

0

under the action of Sym

G

( P ) on P . If H and Sym

G

( P ) � P

0

are �nite,

so Sym

G

( P ) is �nite as w ell. Sym

G

( P ) � P

0

is �nite b ecause its elemen ts are subsets of the ball B

d

( a; d( a; a

0

) + diam ( P )),

and H is a subset of the �nite group Sym

G

( f a; a

0

g ). Therefore Sym

G

( P ) is �nite in G .

The in tuitiv e idea that the orbit of a p oin t under the action of a tessellation group has no accum ulation p oin ts, can b e pro v ed

using the follo wing lemma:

Lemma 1.2.4 Given a tessel lation gr oup G with a tile P . F or every a 2 E

2

P \ G � a is �nite.

Pro of: If a 62 P , then w e can �nd a

0

2 P \ G � a and G � a = G � a

0

. Therefore it is su�cien t to pro v e for ev ery a 2 P . W e

w an t to sho w that there is a �nite n um b er of suc h g 2 G suc h that g ( a ) 2 P .

If a 2

�

P , then so g ( a ) 2 in t g ( P ) = g (

�

P ), and

�

P \ g (

�

P ) is not empt y . Th us b y GP2, g 2 Stab

G

( P ), whic h is �nite. The

problem arises when a 2 P n

�

P .

Let Q , g ( P ). First, g ( a ) 2 P \ g ( P ) and ( g

� 1

Q

� g )( P ) = P , whic h is the same as g

� 1

Q

� g 2 S tab

G

( P ), or g 2 g

Q

Stab

G

( P ).

The n um b er of neigh b or tiles Q is �nite, so the n um b er of cosets g

Q

Stab

G

( P ), where Q is a neigh b or, is �nite as w ell.

Therefore g is selected from a �nite union of �nite sets, and th us there is a �nite n um b er of options to select g .

And the �nal prop ert y to b e considered is:

Prep osition 1.2.5 Given a tessel lation gr oup G with a tile P , then ther e exists r > 0 such that G � a is an r -discr e et set.

Pro of: Let B , B ( a; r ) for some constan t r > 0. The n um b er of tiles in B

d

( a; r + diam ( P )) is �nite. Therefore B \ G � a

is con tained in a �nite n um b er of tiles, th us B \ G � a is �nite.

Before w e con tin ue discussing tessellation groups, w e should replace P with something a standard tile, whic h is easier to

researc h.

CHAPTER 1. CR YST ALLOGRAPHY IN THE EUCLIDEAN PLA CE
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1.3 F ord-Region

T emp orarily , giv en an y group G < Isom ( E

2

). This group migh t b e or migh t b e not a tessellation group. An yw a y , w e are

trying to de�ne a tile for G :

De�nitio n 1.3.1 (F ord-Region) Given a gr oup G < Isom ( E

2

) . We shal l de�ne the F or d-r e gion for O 2 E

2

as:

D ( G ; O ) ,

\

g 2 G n Stab

G

( O )

H

O ;g

H

O ;g

, f P 2 E

2

j d( P ; g ( O )) � d ( P ; O ) gwhere:

H

O ;g

is the close d half-plac e that c ontains O and is de�ne d by H

O g ( O )

.

1

D ( G ; O ) is close d and c onne cte d.

First, let's �nd-out what are the basic prop erties of the new creature:

Prep osition 1.3.1 F or every g 2 G < Isom ( E

2

) and for every O 2 E

2

, g ( D ( G ; O )) = D ( G ; g ( O )) .

Pro of: T o pro v e this, w e need to pro v e that g ( H

O ;h

) = H

g ( O ) ;

g

� h

: the de�ning lines of the half-planes are equal b ecause:

g ( H

O h ( O )

) = H

g ( O ) g h ( O )

= H

g ( O )(

g

h � g )( O )

No w, w e can calculate:

g ( D ( G ; O )) = g

0

@

\

h 2 G n Stab

G

( O )

H

O ;h

1

A

=

\

h 2 G n Stab

G

( O )

g ( H

O ;h

)

=

\

h 2 G n Stab

G

( O )

H

g ( O ) ;g hg

� 1 ) =

\

h 2 G n Stab

G

( g ( O ))

H

g ( O ) ;h

Another useful prop ert y:

Prep osition 1.3.2 Given G < Isom ( E

2

) and O 2 E

2

. F or every g 2 G n Stab

G

( O ) , the F or d-R e gions D ( G ; O ) and

D ( G ; g ( O )) ar e neighb ors or disjoint.

Pro of: All w e ha v e to pro v e is that if x 2 D ( G ; O ) \ D ( G ; g ( O )) then x 62 in t D ( G ; O ) [ in t D ( G ; g ( O )). By de�nition of

D ( G ; O ), x 2 H

O ;g

, and b y de�nition of D ( G ; g ( O ), x 2 H

g ( O ) ;g

� 1

( O )

. Th us x 2 H

O g ( O )

, and x can b e an in terior p oin t of

neigther D ( G ; O ) nor D ( G ; g ( O )).

The follo wing prop ert y reminds GP1:

Prep osition 1.3.3 Given G < Isom ( E

2

) and O 2 E

2

. If G � O is close d in E

2

, then

[

g 2 G

D ( G ; g ( O )) = E

2

.

Pro of: It is trivial that

[

g 2 G

D ( G; g ( O )) � E

2

.

Giv en x 2 E

2

. The distance d( x; G � O ) is d( x; g ( O )) for some g 2 G b ecause G � O is closed. W e w an t to pro v e that

x 2 D ( G ; g ( O )): b y the c hoice of g , d( x; g ( O )) � d( x; h ( O )) for ev ery h 2 G - ev en when h ( O ) 6= g ( O ). Th us x 2 D ( G ; O ).

No w w e ha v e the to ols to com bine tessellation groups with their F ord-regions. No w w e will pro v e that w e can replace the

tile with some F ord-region (not just an y F ord-region : : : ).

Theorem 1.2 (T op ological De�niti on for T essellation Groups) Given a gr oup G < Isom ( E

2

) . G is a tessel lation

gr oup with some tile P � E

2

if and only if:

1. Ther e exists a p oint O , whose orbit is close d;

2. in t D ( G ; O ) 6= ; ;

1

If g 2 Stab

G

( O ), then H

O ;g

= E

2

.
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3. D ( G ; O ) is b ounde d.

Pro of: First, w e shall pro v e the opp osite direction: if all three requiremen ts hold, then P = D ( G ; O ) is a connected compact,

and GP1 holds. Giv en g ; h 2 G , in t D ( G ; h ( O )) \ in t D ( G ; g ( O )) 6=, and therefore g ( O ) = h ( O ) and D ( G ; g ( O )) = D ( G ; h ( O ))

- GP2 holds.

If G is a tessellation group with some tile P � E

2

, then P has a cen ter O b y the Y ung Theorem. The orbit of O is the set

of all cen ters, b y the Y ung Theorem, of all elemen ts of P . Th us G � O is closed and discreat, and therefore

�

D ( G ; O ) is not

empt y . T o pro v e the third prop ert y , w e will b ound D ( G ; O ) in a parallelogram:

Giv en g 2 G n Sym

G

( P ), then D ( G ; O ) � H

O ;g

\ H

O ;g

� 1
. Giv en another h 2 G n Sym

G

( O ) suc h that the lines h ( O ) O ; g ( O ) O

are not parallel (if suc h h do es not exist, then it con tradicts GP1). Finally:

D ( G ; O ) � H

O ;g

\ H

O ;g

� 1 \ H

O ;h

\ H

O ;h

� 1

D ( G ; O ) is a subset of a b ounded parallelogram.

1.4 "Re-tessellation" using F ord-regions

The last theorem simply�es our discussion ab out tessellation groups. F rom no w-on, G is a tessellation group with the tile

D ( G ; O ), suc h that: G � O is closed, the in terior of the new tile is not empt y , and the new tile is b ounded.

Prep osition 1.4.1 Given a tessel lation gr oup G < Isom ( E

2

) with the tile D ( G ; O ) . O 2 in t D ( G ; O ) .

Pro of: W e ha v e pro v ed that G � O is an r -discreat set for some small enough r > 0. Therefore D ( G ; O ) con tains B

d

( O ;

r

2

).

Another trivial agrumen t should b e noted:

Lemma 1.4.2 Given a tessel lation gr oup G < Isom ( E

2

) with the tile D ( G ; O ) . Stab

G

( O ) < Sym ( D ( G ; O )) .

Pro of: A simple calculation w ould pro v e this:

Sym ( D ( G; O )) = f g 2 Isom ( E

2

) j g ( D ( G ; O )) = D ( G ; O ) g � f g 2 G j g ( D ( G ; O )) = D ( G ; O ) g

= f g 2 G j D ( G ; g ( O )) = D ( G ; O ) g = Stab

G

( O ) ;

The last equalit y holds b ecause for ev ery g 62 Stab

G

( O ) the in teriors of D ( G ; O ) and D ( g ; g ( O )) are disjoin t.

It w ould b e easier if O is the cen ter of D ( G ; O ) b y the Y ung Theorem. Suc h O should hold the prop ert y of as big as p ossible

Stab

G

( O ).

De�nitio n 1.4.1 (Singul ar P oin t) A singular p oint P of G is a p oint such that Stab

G

( P ) is not trivial: ther e exists a

id

E

2
6= g 2 G such that P 2 Fix ( g ) .

The singular p oin ts are cen ters of rotation and the p oin ts that lie on mirrors. The basic prop ert y of a cen ter of rotation in

G is:

Prep osition 1.4.3 Given a tessel lation gr oup G < Isom ( E

2

) with the tile D ( G ; O ) . A singular p oint P 6= O of G

+

is not

in the interior of D ( G ; O ) .

Pro of: Let P b e suc h p oin t. Then there is a rotation S 2 G

+

suc h that P is its cen ter. Let's assume that P 2 in t D ( G ; O ),

then

�

D ( G ; O ) and

�

D ( G ; S ( O )) are not disjoin t: they b oth con tain an op en ball with p ositiv e radios and cen ter P . P = O if

and only if D ( G ; S ( O )) = D ( G ; O ), therefore if P is a singular p oin t of G

+

in D ( G ; O ), then eigh ter P = O or P is not in

in t D ( G ; O ).

Before con tin uing exploring the prop erties of D ( G ; O ) as a tile, let's consider the follo wing groups:
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De�nitio n 1.4.2 ( C

n

, D

n

) Given n 2 N , O 2 E

2

and a line l such that O 2 l . Then C

n

,

D

S

O ;

2 �

n

E

and D

n

,

D

S

O ;

2 �

n

; R

l

E

.

It is imp ortan t to note that the c hoice of O and of l has no meaning at all: C

n

and C

0

n

are alw a ys isomorphic, with the

mapping: f 7!

T

O ;O

0

f . D

n

and D

0

n

are also isomorphic, with the mapping: f 7!

g

f , where g is direct and holds: g ( l ) = l

0

.

Finally , w e can pro v e the follo wing lemma regarding the cen ter of D ( G ; O ):

Lemma 1.4.4 Given a tessel lation gr oup G < Isom ( E

2

) with the tile D ( G ; O ) . If O is a singular p oint of G

+

, then the

c enter of D ( G ; O ) by the Y ung The or em is O .

Pro of: Let S 2 Stab

G

( O ) < Sym ( D ( G ; O )) b e a non-trivial rotation with cen ter O . By Y ung Theorem, there is a p oin t

O

0

suc h that Sym ( D ( G ; O )) < Stab( O

0

). Th us S 2 Stab( O

0

). The only p ossible case is when O

0

= O .

No w w e can go ev en further:

Theorem 1.3 Given a tessel lation gr oup G < Isom ( E

2

) with the tile D ( G ; O ) . The numb er of singular p oints in D ( G ; O )

is �nite. Mor e-ever, Sym ( D ( G ; O )) is �nite and isomorphic to D

n

or to C

n

.

Pro of: Let S b e the set of all singular p oin ts of G

+

in E

2

. First, it is closed and discreat: the completemen t is op en

b ecause if P 62 S , then

�

D ( G ; P ) \ S = ; . And, F or ev ery Q 2 S ,

�

D ( G ; Q ) \ S = f Q g . The set of all singular p oin ts in

D ( G ; O ): S

O

= S \ D ( G ; O ) is a closed and discreat subset of the compact D ( G ; O ). Th us, S

O

is �nite.

No w, for the "more-ev er" part: Let � b e the group of all p erm utations of the set S

O

, and let $ b e the mapping:

(

' : Sym

+

( D ( G ; O )) ! �

g 7! g

�

�

S

0

Let's note that if P 2 S

O

, then g ( P ) 2 S

O

for ev ery g 2 Sym

+

( D ( G ; O )), b ecause if S

P

2 G , so

g

S

P

= S

g ( P )

2 G .

Therefore ' is a homomorphism . No w, w e will sho w that ' is 1 � 1: it is su�cian t to sho w that if ' ( g ) = 1 j

S

O

, then

g = id

E

2
. If P 2 S

O

n f O g , then the only rotation in Sym ( D ( G ; O )) that lea v es P in its place is id

E

2
, therefore ' is 1 � 1,

and Sym

+

( D ( G ; O ) is �nite.

If Sym

+

( D ( G ; O )) is cyclic, then Sym

+

( D ( G ; O )) is isomorphic to C

n

. Let f 2 Sym

+

( D ( G ; O )) b e a non-trivial rotation with

minim al p ositiv e angle � (suc h f exists b ecause Sym

+

( D ( G ; O )) is �nite). Let g 2 Sym

+

( D ( G ; O )) b e another non-trivial

rotation with p ositiv e angle � ( � � � ). There exists a maxim al q 2 N suc h that q � � � . Let r , � � q � . The angle of the

rotation f

� q

� g is r whic h is less than � . r can b e only 0, and g = f

q

. Therefore h f i = Sym

+

( D ( G ; O )) and Sym

+

( D ( G ; O ))

is isomorphic to C

n

where n = o( f ).

In ligh t of lemma 1.1.2, Sym ( D ( G ; O )) is �nite and isomorphic to C

n

or D

n

.

1.5 The Structure of Lattice-Groups

A lattice-group is the symmetry group of a lattice. This group is a simple example for tessellation groups. Our temp orary

p ostulate is that an y tessellation group is a lattice-group. Curren tly , w e ha v e no meaning to c hec k wheter this p ostulate is

true or false. Our researc h of tessellation groups b ecomes m uc h easier in this case, b ecause it is b etter de�ned.

Let L b e a lattice in E

2

, let O 2 L b e a constan t p oin t, and let G = Sym ( L ). W e w an t to use D ( G ; O ) to researc h G . It is

trivial that D ( G ; O ) is b ounded:

D ( G ; O ) � H

O ;T

1

\ H

O ;T

� 1

1

\ H

O ;T

2

\ H

O ;T

� 1

2

:

Another trivial prop ert y of D ( G ; O ) is that O is the cen ter of D ( G ; O ) b y the Y ung Theorem, b ecause H

O

2 Stab

G

( O ). The

�rst prop erties to consider are:

De�nitio n 1.5.1 (T ranslations Sub-group) Given G < Isom ( E

2

) , then T ( G ) is the gr oup of al l tr anslations in G .

Lemma 1.5.1 L et L b e a lattic e, and G = Sym ( L ) . Then:
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1. T ( L ) \ Sym ( D ( G ; O )) = f id

E

2
g ,

2. T ( G ) = T ( L ) .

3. G � T ( L ) � Sym ( D ( G ; O )) = T ( G ) � Sym ( D ( G ; O )) ,

4. T ( L ) = T

�

T ( L ) � Sym ( D ( G ; O ))

�

, : T ( G ) = T

�

T ( G ) � Sym ( D ( G ; O ))

�

.

Pro of: The �rst statemen t is trivial: D ( G ; O ) is b ounded, and there are no translations in Sym ( D ( G ; O )).

The second statemen t is easy as w ell: First, an y translation in T ( L ) is a symmetry of L . Secondly , if f 2 T ( G ), then

T ( O ) 2 L and T = T

O ;T ( O )

2 T ( L ).

The third statemen t is trivial: if f 2 Stab

G

( O ), then f 2 Sym ( D ( G ; O )) (this w as pro v ed earlier in lemma 1.4.2). If

f 2 G n Stab

G

( O ), then f = T

O ;f ( O )

� g where g 2 Stab

G

( O ).

T o pro v e the forth statemen t, it is su�ciat to sho w that a translation N , T ( G ) � Sym ( D ( G ; O )) is a translation in G . Ev ery

f 2 N can b e represen ted as T

f

� S

f

where T

f

2 T ( G ) and S

f

2 Sym ( D ( G ; O )). If f is a translation, then the translation

T

� 1

f

is a symmetry of D ( G ; O ). Therefore it is id

E

2
, b y the �rst statemen t. Th us T

f

= f .

No w, w e can pro v e the follo wing:

Prep osition 1.5.2 Stab

G

( O ) = Sym ( D ( G ; O ))

Pro of: It is su�cian t to pro v e that ev ery f 2 Sym ( D ( G ; O )) is in G . If w e pro v e this, then lemma ?? assures us that

f ( O ) = O . Let P 2 L n f O g b e a p oin t, w e ha v e to pro v e that f ( P ) 2 L .

Let T

P

, T

O ;P

2 T ( G ). There exists a p oin t Q 2 L suc h that f ( P ) 2 D ( G ; Q ), and let T

Q

, T

O ;Q

. The p oin t P

0

,

( T

� 1

Q

� f )( P ) is in D ( G ; O ). If P

0

= O , then f ( P ) = Q and w e are done. T ( G ) = T ( L ) is a normal subgroup of

T ( L ) � Sym ( D ( G ; O )) b y the previous lemma. Th us there exists a translation T

f

suc h that f � T

P

= T

f

� f . Therefore:

P

0

= ( T

� 1

Q

� f � T

P

)( O ) = ( T

� 1

Q

� T

P

� f )( O ) = ( T

� 1

Q

� T

f

)( O ) :

The translations are in G , therefore P

0

2 L \ D ( G ; O ). By D ( G ; O ) con tains only one lattice p oin t - O . W e get Q = f ( P ).

No w, T ( L ) � G and Sym ( D ( G ; O )) < G , and w e ha v e pro v ed:

Theorem 1.4 (The Structure of Lattice-Groups ) Given a lattic e L , G = Sym ( L ) and O 2 L . Then G = Sym ( D ( G ; O )) n

T ( L ) .

The �rst symmetry w e ha v e disco v ered in a lattice w as H

O

. This means that ev ery p oin t in the lattice a singular p oin t in

G

+

. This argumen t com bined with the last theorem and theorem ?? , w e get:

Corollary 1.5.3 (The de�niti on of Lattice-Group s) Given a lattic e L and G = Sym ( L ) . Then G = C

n

n T ( L ) or

G = D

n

n T ( L ) .

If w e apply Barlo w's pro of, G is isomorphic to one of the follo wing: C

2

n Z

2

, D

2

n Z

2

, D

4

n Z

2

or D

6

n Z

2

.

CHAPTER 1. CR YST ALLOGRAPHY IN THE EUCLIDEAN PLA CE



Chapter 2

The Crystallographic Restriction Theorem

This c hapter is dedicated to the pro of of the follo wing Theorem:

Theorem 2.1 (The Crystallographi c Restriction Theorem)

Ther e exists exactly 17 isomorphism e quivalenc e-classes of tessel lation gr oups in the Euclide an Plane. They ar e:

Symb ol Gener ators tile

p1 Two tr anslations p ar al lelo gr am

p2 Thr e e half-turns at the vertic es of a r e ctangle r e ctangle

p3 Two r otations thr ough

2 �

3

rhomb with

2 �

6

;

2 �

3

an-

gles

p4 Half-turn and a r otation thr ough

2 �

4

squar e

p6 Half-turn and a r otation thr ough

2 �

3

a (

2 �

3

;

2 �

12

;

2 �

12

) triangle

pm Two p ar al lel r e
e ctions and a tr anslation whose dir e ction is p ar al lel

to the mirr ors

r e ctangle

pg Two p ar al lel glides r e ctangle

cm Par al lel Glide and r e
e ction

pmm 4 r e
e ctions in the 4 sides of a r e ctangle r e ctangle

pmg A r e
e ction and 2 half-turns r e ctangle

pgg 2 p erp endicular glide r e
e ctions squar e

cmm 2 p erp endicular r e
e ctions and a half-turn

p4m R e
e ctions in the thr e e sides of a (

2 �

4

;

2 �

8

;

2 �

8

) triangle a (

2 �

4

;

2 �

8

;

2 �

8

) triangle

p4g A r e
e ction and a r otation thr ough

2 �

4

a (

2 �

4

;

2 �

8

;

2 �

8

) triangle

p3m1 A r e
e ction and a r otation thr ough

2 �

3

a (

2 �

3

;

2 �

12

;

2 �

12

) triangle

p31m 3 r e
e ctions in the thr e e sides of an e quilater al triangle an e quilater al triangle

p6m R e
e ctions in the thr e e sides of a (

2 �

4

;

2 �

6

;

2 �

12

) triangle a (

2 �

4

;

2 �

6

;

2 �

12

) triangle

The order of the sym b ols in the table represen t the order of the pro of.

2.1 The Connection to Lattice-Groups

Before pro ving the Theorem, w e shall consider represen ting tessellation groups as subgroups of lattice-groups

Theorem 2.2 Given a tessel lation gr oup G < Isom ( E

2

) with a tile P , and let O b e the c enter of P (by Y ung's The or em).

Then L , T ( G ) � O is a lattic e and G

+

< Sym

+

( L ) .

Pro of: The �rst step is to replace P with D ( G ; O ), where O is the cen ter of P (b y Y ung's Theorem). No w, G � O is closed

and discreat, and w e ha v e to pro v e that T ( G ) is constructed b y t w o translations whose directions are not parallel.



2.2. DIRECT TESSELLA TION GR UPS: G = G

+

9

If T ( G ) is trivial, then G

+

con tains only rotations with a common cen ter. The mirrors of the re
ections in G meet in the

cen ter of all rotations. Therefore all elemen ts of G � D ( G ; O ) is inside a ball - con tradiction to GP1. Th us T ( G ) is not trivial

and con tains at least one translation.

Let assume that the directions of all translations in T ( G ) are parallel to a line l . Let t 2 T ( G ) and g 2 G n T ( G ), then

g

t 2 T ( G ). Therefore the mirrors of all re
ections are p erp endicular to l , and the axises of all glides are equal and parallel to

l , and th us l can b e replaced with the axis of all glides. If f 2 G

+

is a rotation and t 2 T ( G ), then

f

t 2 T ( G ) and f = id

E

2

or f = H

Q

where Q 2 l . Therefore G � D ( G ; O ) lies on a constan t-width strip around l - con tradicting to GP1.

Till no w, w e ha v e pro v ed that there are at least t w o non-parallel translations in T ( G ). Since G � O is closed and discreat,

there exists T

1

2 T ( G ) n f id

E

2
g with minim al j T

1

j , and there exists T

2

2 T ( G ) n h T

1

i with minim al j T

2

j . W e w an t to pro v e

that T ( G ) = h T

1

; T

2

i .

It is trivial that h T

1

; T

2

i � T ( G ). T o pro v e the other direction, let L

0

, T ( G ) � O and L , h T

1

; T

2

i � O , and w e w an t to sho w

that L = L

0

. Let's assume that there exists y 2 L

0

n L . Since L is losed and discreat, there exists x 2 L whic h is the closest

one to y . Let T , T

x;y

. If j T j � min ( j T

1

j ; j T

2

j ), then there is closer p oin t in L to y . Otherwise, T is smaller than T

1

and T

2

- whic h con tradicts the minim al it y of T

1

; T

2

. W e ha v e a lattice L and T ( L ) = T ( G ).

The last argumen t to b e pro v ed is that G

+

< Sym

+

( L ). It is su�cian t to sho w that Stab

G

+

( O ) < Sym

+

( L ). Let P 2 L ,

f 2 Stab

G

+

( O ), and t , T

O ;P

2 T ( G ). T o pro v e that f ( P ) 2 L , w e will pro v e that T

P ;f ( P )

2 T ( G ). But T

P ;f ( P )

=

f

t � t

� 1

,

and:

(

f

t � t

� 1

)( P ) = (

f

t � ( t

� 1

� t ))( O ) = ( f � t � f

� 1

)( O ) = ( f � t )( O ) = f ( P )

Secondly , T ( G ) < Sym ( L ). If g 2 G

+

then there exists f 2 Stab

G

+

( O ) and t 2 T ( G ) suc h that g = t � f , and therefore

g 2 Sym

+

( L ).

The last argumen t pro v es the corollary -

Corollary 2.1.1 Given a tessel lation gr oup G < Isom ( E

2

) with a tile P , then G

+

= h S i n T ( G ) wher e S 2 G

+

is the

minimal r otation whose c enter is the tile's c enter (by Y ung's The or em).

No w, w e are able to pro v e the Theorem. The theorem is divided in to parts: the �rst part deals with direct tessellation groups

and the second part deals with the other tessellation groups.

2.2 Direct T essellation Grups: G = G

+

W e are going to pro v e the �rst form the Crystallographic Restriction Theorem, but here w e are handling a direct tessellation

group G , whic h is a subgroup Sym ( L ).

Pro of: Giv en a tessellation group G < Isom ( E

2

) that holds: G = h S

O

i n T ( G ) < Sym ( L ) where S

O

is the minima l rotation

and O 2 L . Let G

0

, G n T ( G ). If G

0

= ; , then there are no rotations and w e ha v e got the equiv alence class p1 whose

tessellation groups are isomorphic to T ( L ) and to Z � Z . If the maxim al order of elemen ts in G

0

is 2, then the rotations of

G

0

are half-turns, and w e ha v e got p2 .

Let S

A

2 G

0

b e a rotation whose cen ter is A 2 L and whose order is bigger than 2. Let B 2 L the closest p oin t to A , and

according to the c hoice of T

1

; T

2

from theorem 2.2, B = T

1

( A ). Let S

B

2 G

0

b e a rotation whose cen ter is B and whose order

is bigger than 2. Let S

C

, ( S

A

� S

B

)

� 1

2 G

0

. The angle of S

C

is 2 �

�

1 �

1

o ( S

A

)

�

1

o ( S

B

)

�

, but it is also

2 �

o( S

C

)

. Therefore:

1

o( S

A

)

+

1

o( S

B

)

+

1

o( S

C

)

= 1

Since an order is natural, there are only three sollutions to the equation:

o( S

A

) = o( S

B

) = o( S

C

) = 3 : W e ha v e got p3 .

o( S

A

) = o( S

B

) = 4 ; o ( S

C

) = 2 : W e ha v e got p4 .

o( S

A

) = 3 ; o ( S

B

) = 6 ; o ( S

C

) = 2 : W e ha v e got p6 .
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2.3. INDIRECT TESSELLA TION GR OUPS ( G 6= G

+

) 10

O A

Figure 2.1: Pro of of Lemma 2.3.1: A 62 T

0

( G ) � O

2.3 Indirect T essellation Groups ( G 6= G

+

)

Indirect tessellation groups can b e divided in to �v e groups, according to the structure of G

+

. F rom no w, w e will denote

A , T

1

( O ) and B , T

2

( O ). In order to mak e the pro of easier, w e shall pro v e:

Lemma 2.3.1 Given a tesslation gr oup G < Isom ( E

2

) such that G 6= G

+

. If f 2 G n G

+

, then one or the other, but no

b oth, of the fol lowing c onditions holds:

A1:

f

T

1

= T

1

and

f

T

2

= T

� 1

2

;

A2:

f

T

1

= T

2

and

f

T

2

= T

1

.

Pro of: First, w e sho w that A1 and A2 are incompatible: w e assume that T ( G ) = h T

1

; T

2

i = h T

0

1

; T

0

2

i and:

f

T

1

= T

2

^

f

T

2

= T

1

^

f

T

0

1

= T

0

1

^

f

T

0

2

= T

0

2

� 1

If T

0

1

= T

h

1

T

k

2

, then -

T

0

1

=

f

T

0

1

=

f

T

h

1

f

T

k

2

= T

k

1

T

h

2

Therefore h = k and T

0

1

= ( T

1

T

2

)

h

. If T

0

2

= T

m

1

T

n

2

, then -

T

0

2

� 1

=

f

T

0

2

=

f

T

m

1

f

T

n

2

= T

n

1

T

m

2

Th us m = � n , and T

0

2

= ( T

1

T

� 1

2

)

m

. W e ha v e sho wn that T

0

1

; T

0

2

2 T

0

( G ) ,




T

1

T

2

; T

1

T

� 1

2

�

. But T

0

( G ) is a prop er subgroup

of T ( G ), b ecause the lattice T

0

( G ) � O do es not con tain A - A is on the b order of D ( T

0

( G ) ; O ).

W e no w supp ose T

1

; T

2

c hosen as b efore: j T

1

j is minim al in T ( G ) n f id

E

2
g and j T

2

j is minim al in T ( G ) n h T

1

i . After replacing

T

1

b y T

� 1

1

if necessary , w e ma y assume that � , \ ( A; O ; B ) �

2 �

4

. The minim al it y of j T

2

j no w requires d( O ; B ) � d( A; B ),

and th us B is in the half-plane that con tains O and is de�ned b y H

O A

. Therefore -

2 �

6

� � �

2 �

4

Let l , O A . W e shall de�ne h ( g ) , d( O ; l ( g ( O ))), and v ( g ) , d ( g ( O ) ; l ). h ( g ) is the distance b et w een O and the image of

g ( O ) on l , and v ( g ) is the distance b et w een g ( O ) and l . It is trivial that v ( T

1

� g ) = v ( g ) b ecause a translation parallel to l

do es not c hange the distance b et w een g ( O ) and l . Another prop ert y of v ( g ) is that v ( T

2

) = v ( T

� 1

2

).

Let supp ose that

f

T

1

= T

1

. This requires that the axis (or mirror) of f is parallel to l . If � =

2 �

4

, then

f

T

2

= T

� 1

2

and A1

holds. If � <

2 �

4

, then v (

f

T

2

) = v ( T

� 1

2

� T

1

), and h (

f

T

2

) = h ( T

2

). Since 0 < h ( T

2

) �

1

2

j T

1

j ,

1

2

j T

1

j � h ( T

� 1

2

� T

1

) < j T

1

j . W e

conclude that

f

T

2

= T

� 1

2

� T

1

. Let T

0

1

, T

2

and T

0

2

, T

� 1

2

� T

1

, then h T

0

1

; T

0

2

i = T ( G ), f exc hanges T

0

1

and T

0

2

and A2 holds.

Supp ose next that

f

T

1

= T

� 1

1

, whence the axis of f is p erp endicular to l . If � =

2 �

4

, then

f

T

2

= T

2

and A1 holds. If � <

2 �

4

,

then (

f

T

2

)( O ) B is parallel to l and its length d = 2 h ( T

2

) � j T

1

j . The minim ali t y of j T

1

j requires d = j T

1

j , and therefore

f

T

2

= T

� 1

1

� T

2

. No w f exc hanges T

2

and T

� 1

1

� T

2

, whic h can b e the generators of T ( G ) =




T

� 1

1

� T

2

; T

2

�

and A2 holds.

Supp ose �nally that

f

T

1

62 f T

1

; T

� 1

1

g , whence

f

T

1

, of length j

f

T

1

j = j T

1

j , is not a p o w er of T

1

. W e tak e T

2

=

f

T

1

, and A2

holds.

No w w e are ready to �nd the other 12 isomorphism-classes. The pro of is divided in to 5 cases: for eac h p ossible direct

tessellation subgroup.
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2

2

O

h(T )

v(T )

A

B

Figure 2.2: Pro of of Lemma 2.3.1: h ( g ) and v ( g )

T (O) T (A)T(O)-1

2 2

-1f

O A

B

OT (O)

T (O)

1

-1

2

f

A

B

f

T

1

= T

1

f

T

1

= T

� 1

1

Figure 2.3: Pro of of Lemma 2.3.1: 2 p ossible cases

2.3.1 Case 1: There are no rotations in G

+

: G 6= G

+

= T ( G )

Pro of: The �rst case is G 6= G

+

= T ( G ). If f

1

; f

2

2 G n G

+

, then f

2

= T � f

1

for some T 2 G

+

. Therefore

f

1

T =

f

2

T for

ev ery T 2 G

+

. In short, all c hoices of f yield the same automorphism of G

+

.

If G con tains an y re
ection, w e c ho ose f to b e a re
ection. If A1 holds, then the mirror of f is parallel to the direction of

T

1

, and w e get pm . The generators are the translation T

1

, and the re
ections f ; f

� 1

� T

2

.

If A2 holds, then j T

1

j = j T

2

j and f exc hanges them. The lattice of suc h tessellation group m ust b e square, while O 2 l and

\ ( O A; l ) =

2 �

8

, and w e get cm . The generators are the re
ection f and a glide g suc h that g

2

= T

1

� T

2

and the axis of g

and mirror of f are distinct and parallel.

No w, supp ose that G do es not con tain re
ections, whence G con tains translations and glides. Let f 2 G b e a glide, th us

f

2

2 T ( G ) n f id

E

2
g . If A1 holds, and f

2

= T

1

, then the axis of f is parallel to the direction of T

1

and its length is

1

2

j T

1

j .

In order to pro v e that this tessellation group is new, w e need to pro v e that G do es not con tain re
ections. Since G

+

is a

normal subgroup, ev ery g 2 G n G

+

can b e represen ted as g = f � T

m

1

� T

n

2

, and g

2

is:

g

2

= ( f � T

m

1

� T

n

2

)

2

= f � T

m

1

� T

n

2

� f � T

m

1

� T

n

2

= f � T

m

1

� f T

� n

2

� T

m

1

� T

n

2

= f

2

� T

2 m

1

= T

2 m +1

1

6= id

E

2

g is not a re
ection, and w e got pg , whose generators the glides g

1

; g

2

where g

2

1

= T

1

and g

2

= g

1

� T

2

.

Finally , if G do es not con tain an y re
ections and A2 holds, let f 2 G n G

+

b e a glide suc h that f

2

= T

1

� T

2

, and let

g = T

� 1

1

� f . g

2

is:

g

2

= ( T

� 1

1

� f )

2

= T

� 1

1

� f � T

� 1

1

� f = T

� 1

1

�

f

T

� 1

2

� f

2

= ( T

1

� T

2

)

� 1

� ( T

1

� T

2

) = id

E

2

g is a re
ection, constradicting the assumption that g do es not con tain an y re
ections.
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Af O

B

A

f

O

B

pm cm

Figure 2.4: The basic symmetries of G 6= G

+

= T ( G ), f is a re
ection

Af O

B

O

B

A

f
f(O)

pmm pmg

AO

B f

f2

1

AO

B
f

f
1

cmm pgg

Figure 2.5: Basic symmetries in G 6= G

+

= h H

O

i n T ( G )

2.3.2 Case 2: There are Half-T urns in G

+

: G 6= G

+

= h H

O

i n T ( G )

Pro of: Let S = H

O

. It is trivial that

S

T = T

� 1

for ev ery T 2 T ( G ).

Supp ose G con tains a re
ection f and A1 holds, whence

f

T

1

= T

1

and

f

T

2

= T

� 1

2

. This is p ossible only if the directions of

T

1

; T

2

are p erp endicular, and the mirror of f of is parallel to the direction of T

1

. Let f

1

, f � S , and w e get an isometry

whose axis is parallel to the direction of T

2

, and

f

1

T

2

= T

2

. W e ma y assume that f

2

1

2 f id

E

2
; T

2

g .

Both cases can b e made p ossible in a square lattice. F or the �rst, let the mirror of f b e O A , and f

1

is re
ection with mirror

O B , and w e ha v e got pmm . F or the second, let the mirror of f , l

0

, b e parallel to O A and f ( O ) is the midp oin t O B . In this

case f

1

is a glide, f

2

1

= T

2

, and w e ha v e got pmg .

Supp ose G con tains a re
ection f and A 2 holds, whence the mirror of f is parallel to the direction of T

1

� T

2

. Let f

1

, f � S ,

th us:

f

1

T

1

= ( f � S ) � T

1

� ( S � f ) =

�

f

T

1

�

� 1

= T

� 1

2

f

1

T

2

= ( f � S ) � T

2

� ( S � f ) =

�

f

T

2

�

� 1

= T

� 1

1

f

1

�

T

� 1

1

� T

2

�

=

�

f

1

T

1

�

� 1

�

f

1

T

2

= T

� 1

1

� T

2

The axis of f

1

is parallel to the direction of T

� 1

1

� T

2

. W e ma y assume that f

2

1

2 f id

E

2
; T

� 1

1

� T

2

g . If f

2

1

= T

� 1

1

� T

2

, and

f

2

, T

1

� f , then:

f

2

2

= T

1

� ( f

1

� T

1

� f

1

) = ( T

1

� T

� 1

2

) � f

2

1

= ( T

1

� T

� 1

2

) � ( T

� 1

1

� T

2

) = id

E

2
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f

2

is a re
ection. If f

1

is a re
ection, then f

2

b ecomes f � S . In b oth cases, the axises are p erp endicular, while the axis of f

1

is parallel to the direction of T

1

� T

2

and the axis of f

2

is parallel to the direction of T

� 1

1

� T

2

. Therefore, w e ha v e got cmm .

No w, supp ose G do es not ha v e an y re
ections. If A1 holds, w e ma y assume that f

2

= T

1

. If f

1

, f � S , then:

f

1

T

1

=

f

�

S

T

1

�

=

f

( T

1

)

� 1

= T

� 1

1

f

1

T

2

=

f

�

S

T

2

�

=

f

( T

2

)

� 1

= T

2

W e ma y lik ewise supp ose that f

2

1

= T

2

. T o c hec k that this G do es not con tain an y re
ections, w e will c hec k: ( T

m

1

� T

n

2

� f )

2

:

( T

m

1

� T

n

2

� f )

2

= T

2 m +1

1

6= id

E

2

And for ( T

m

1

� T

n

2

� f

1

)

2

:

( T

m

1

� T

n

2

� f

1

)

2

= T

2 n +1

2

6= id

E

2

The lattice of this tessellation group is a square one, while the axises of the glides f ; f

1

are parallel to T

1

; T

2

accordingly , and

the length of the glides is

1

2

j T

1

j =

1

2

j T

2

j . W e ha v e got pgg .

If A2 holds, w e ma y assume that the glide f holds f

2

= T

1

� T

2

. f

1

= f � S is a glide with f

2

1

= T

� 1

1

� T

2

. But f

2

= T

1

� f

1

is a re
ection, con tradicting to h yp othesis.

2.3.3 Case 4: There are Rotations through

2 �

4

in G

+

: G 6= G

+

=

D

S

O ;

2 �

4

E

n T ( G )

Pro of: Let S , S

O ;

2 �

4

,

S

T

1

= T

2

and

S

T

2

= T

� 1

1

, whence the lattice is square. If f 2 G n G

+

satis�es A1 and f

1

, f � S ,

then:

f

1

T

1

=

f

�

S

T

1

�

=

f

T

2

= T

� 1

1

:

f

1

T

2

=

f

�

S

T

2

�

=

f

T

� 1

1

= T

� 1

2

Hence f

1

satis�es A2 for T ( G ) =




T

1

; T

� 1

2

�

. Therefore A1 and A2 coincide, and w e ma y assume that f satis�es A1, and f

is a re
ection or a glide.

The set f T

1

; T

� 1

1

; T

2

; T

� 1

2

g is uniquely determined b y the facts that S p erm utes them cyclically and that they generate T :

S ( T

1

; T

2

; T

� 1

1

; T

� 1

2

) = ( T

2

; T

� 1

1

; T

� 1

2

; T

1

)

W e sho w that if G con tains a re
ection parallel to one of T

1

; T

2

then it also con tains parallel to the other. By symmetry it

su�ces to consider the case that G con tains a re
ection f parallel to the direction of T

1

, hence satisfying A1. If the axis of

f

1

is parallel of the direction of T

� 1

1

� T

2

, then f

2

1

= ( T

� 1

1

� T

2

)

h

for some h 2 Z . The axis of T

� h

2

� f

1

is parallel to the axis

of f

1

, and to the direction of T

� 1

1

� T

2

. T

� h

2

� f

1

is a re
ection, b ecause -

( T

� h

2

� f

1

)

2

= ( T

� h

1

� T

h

2

) � f

2

1

= ( T

� 1

1

� T

1

2

)

h � h

= id

E

2

W e ha v e got 2 re
ections whose mirrors meet at O , the angle b et w een the mirrors is

2 �

8

, and their pro duct is S . Th us w e

ha v e got p4g . Figure 2.6 sho ws all symmetries of p4g . Supp ose G con tains a glide f whose axis is parallel to the direction of

T

1

, and do es not con tain re
ections whose mirrors are paralllel to the axis of f . In this case, f � S is a re
ection or

f

S = S

� 1

.

This group is in p4m .

2.3.4 Case 3: There are Rotations through

2 �

3

in G

+

: G 6= G

+

=

D

S

O ;

2 �

3

E

n T ( G )

Pro of: No w S , S

O ;

2 �

3

,

S

T

1

= T

� 1

1

� T

2

and

S

T

2

= T

� 1

1

.
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A

B

O

represen ts the cen ter of a rotation through

2 �

4

, represen ts the cen ter of a half-turn, solid lines are mirrors of re
ections,

and brok en lines are axes of glide re
ections.

Figure 2.6: Basic symmetries in p4g

 L

T

T

P

f(P)f (P)
0

0

S

2p
3

Figure 2.7: The argumen t for G 6= G

+

=

D

S

O ;

2 �

3

E

T ( G ))

(Lo ok at �gure 2.7) First, w e sho w that if G con tains a glide with axis l then there is a re
ection f

1

with mirror l

1

parallel to

l . Let f , f

0

� T

0

2 G b e a glide, with a re
ection f

0

2 Isom ( E

2

) and translation T

0

2 Isom ( E

2

) whose direction is parallel

to the axis of f . Therefore T , f

2

= T

2

0

2 T ( G ). Let l

1

b e a line parallel to l suc h that d( l ; l

1

) =

p

3

2

j T

0

j and l

1

is on the left

side of l as one faces in the direction of T , hence l

1

= T

0

( l ) while j T

0

j =

p

3

2

j T

0

j and ]

�

l ;

� !

T

0

�

=

2 �

4

. Let P 2 l

1

an y p oin t

on l

1

, then d( P ; f

0

( O )) =

p

3 j T

0

j and d( f

0

( P ) ; f ( P )) = j T

0

j . Therefore the triangle 4 P f

0

( P ) f ( P ) is a righ t triangle with

h yp oten use P f ( P ) of length is 2 j T

0

j = j T j and at an angle of

2 �

3

from the direction of T along l . Therefore

S

T carries f ( P )

to P , and (

S

T � f )( P ) = P for ev ery P 2 l

1

, whence

S

T � f = R

l

1

.

If f

0

2 G n G

+

satis�es A1, then its axis is parallel to T

1

, and the axis of f

0

� S is parallel to T

2

. The result ab o v e sho ws

that G then con tains re
ections f

1

; f

2

whose mirrors are parallel to the direction of T

1

; T

2

acordingly . Their pro duct giv es

S

P ;

2 �

3

while P is the meeting p oin t of the mirrors, and w e ha v e got p3m1 .

If f

0

2 G n G

+

satis�es A2, then its axis paralllel to T

1

� T

2

, and the same argumen t sho ws again that G con tains re
ections

f

1

; f

2

whose mirrors are p erp endicular to the direction of T

1

; T

2

, and their pro duct giv es S

P ;

2 �

3

, where P is the meeting p oin t

of the mirrors, and w e ha v e got p31m .

2.3.5 Case 6: There are Rotations through

2 �

6

in G

+

: G 6= G

+

=

D

S

O ;

2 �

6

E

n T ( G )

Pro of: Let S , S

O ;

2 �

6

. Since o( S

2

) = 3, w e can apply the �rst argumen t from the previous pro of again. There exists a

re
ection f whose mirror l is parallel to the direction of T

1

, therefore the mirror l

1

of f

1

= f � S satis�es ] ( l ; l

1

) =

2 �

12

. The

pro duct of the re
ections giv e S

l � l

0

;

2 �

6

. W e ha v e got p6m , where through ev ery cen ter P of order 6, there are 12 mirrors

whic h meet at P : 6 re
ections satisfy A1 and 6 re
ections satisfy A2.

Finally , the pro of of the Crystallographic Restriction Theorem has �nished. No w, w e are able to analize an y dra wing with a
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symmetry group G , whic h is a tessellation group as w ell, and to classify G to one of the 17 tessellati on t yp es .
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Summary

In the �rst c hapter w e ha v e met lattices, tessellation groups, and their prop erties. W e ha v e seen the construction of a tile

arising from the tessellation group, and w e ha v e c hec k ed the prop erties of a lattice symmetry-group as a tessellation one. In

the second c hapter w e ha v e seen a pro of, whose ideas can b e applied to other spaces as w ell.

This summary is dedicated to one of the man y applications of the crystallographic restriction theorem. W e can no w tak e

a dra wing, �nd its symmetries and construct its tessellation group with the standard tile. Let's lo ok again at one of the

dra wings from the in tro duction:

If the colouring has no meaning, it is trivial that the 'real' tile P is:

3 singular p oin ts of the tessellation group G are on the b order of P , @ P = P n

�

P , and are represen ted as the follo wing �gures:

- the cen ter of a half-turn; and - cen ter of a rotation through

2 �

4

.

If w e cut P according to the added lines, w e can build a square:
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This square is a fundamen tal region for G , b ecause P (with no symmetries in G ) is a fundamen tal-region as w ell. Ev ery

g 2 G will transform the square on to another one. The ford-region in this case is the union of 4 squares:

W e see a singular p oin t O in the cen ter of the ford-region, and 8 singular p oin ts on its b order. The lattice T ( G ) � O is a square

one, with symmetry-group D

4

n T ( G ), where T ( G ) is generated from t w o p erp endicular translations T

1

; T

2

, and j T

1

j = j T

2

j

is t wice the length of the square. It is D

4

= Sym ( D ( G ; O )) whic h tells us to cut D ( G ; O ) to 4 squares (and not 8 triangles,

b ecause G = G

+

).

Here comes the crystallographic restriction theorem: our G can b e only in one isometry-t yp e whic h suc h lattice and

fundamen tal-region - the p4 isometry-t yp e.

If the colouring is signi�can t, then t w o of the previous tiles with di�eren t colours m ust b e com bined in to the new tile

Q = P [ H ( P ) where H is a half-turn whose cen ter lies on the b order of P . The same pro cess is applied again, where

the ford-region is the same, but it con tains t w o fundamen tal-regions: b oth are rectangles that are com bined from t w o

colouring-distinct squares (the previous fundamen tal-regions). This t yp e of tessellation is of t yp e p2 .

T o �nish, it is w orth men tioning that the crystallographic restriction theorem holds (with other isometry-t yp es and other

amoun t) in higher dimensions and other geometries. F or example, in E

3

there are 230 isometry-t yp es, and most of them

can b e found in crystals

1

. On the other hand, there are only 7 p ossible patterns on a strip, and on a line - only 2. But this

theorem do es not (and cannot) co v er all patterns and dra wings, and an example is P enrous Chic k ens (see �gure 3): this

dra wing is a rep eating pattern of t w o c hic k ens (t w o di�eren t tiles), that can �ll the whole plane, and this pattern do es not

ha v e an y symmetries at all, hence there is no tessellation group a v ailable.

1

hence the name of the theorem : : :

CHAPTER 2. THE CR YST ALLOGRAPHIC RESTRICTION THEOREM
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Figure 3: P enrous Chic k ens is a pattern without a tessellation group

CHAPTER 2. THE CR YST ALLOGRAPHIC RESTRICTION THEOREM
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